I. LNTRODUCTION
T HE PROLIFERATION of ship towed acoustic sensors, which by necessity operate in and near the bubble wake of surface ships, renders the characterization of the ship bubble wake a problem of current engineering interest. One important aspect of this problem that lendsitself to analysis is the modeling of the bubble wake downstream of a cavitating marine propeller. However, the variety of cavitation phenomena that occur on three-dimensional lifting surfaces render the prediction of the bubble wake of a marine propeller a formidable task. A cavitating lifting surface may exhibit sheet, bubble, and vortex types of cavitation simultaneously while operating in the complex flow field environment of a typical marine propeller. An engineering approach to bubble wake modeling is facilitated if the individual mechanisms associated with the development of a bubble wake can be isolated. The investigation focuses on modeling the bubble growth associated with traveling bubble cavitation on a thin two-dimensional hydrofoil. No attempt is made to describe the trailing bubble wake; rather the focus is on a mechanism contributing to its ,origin.
A fundamental &ficulty in modeling the bubble wake of a cavitating body arises from the stochastic nature of cavity formation and collapse. Individual cavitation bubbles may break up into several smaller bubbles or they may coalesce into one large bubble; consequently, the equations governing single bubble dynamics may no longer be applicable. In order to avoid this difficulty, the assumption is made in the present work that ambient microbubbles pass over the hydrofoil surface intact with the same number existing downstream but with an altered size distribution due to mass diffusion. Although the size distribution wiU be incorrect for the case of dividing or coalescing bubbles, the diffusion rate would have been correctly predicted up to that point and the volume of the downstream bubble wake should be correctly predicted. mics in predicting various hydrodynamic phenomena suggests that a rational bubble wake model might also be based on the existence of ambient microbubbles in the hydrofoil flow field. In the present work it is assumed that cavitation inception and the development of flow field cavities is based on the response of ambient microbubbles to the hydrodynamic pressure field near a two-dimensional hydrofoil. Under this assumption, the bubble growth model consists of the prediction of 1) the hydrodynamic pressure field, 2) the response of ambient bubbles to the pressure field, and 3) the diffusive mass flow rate. Ling [ 2 ] has recently used the concept of ambient microbubbles responding to a hydrodynamic pressure field to predict the appearance of traveling bubble cavitation on a twodimensional hydrofoil and a three-dimensional body of revolution. The present work is unique in that its goal is to predict the downstream bubble size after mass diffusion has altered the amount of noncondensible gas inside the cavitation bubbles. To this end, a relative velocity is assumed to exist between the growing bubbles and the surrounding water. An additional term reflecting the change in bubble mass is then included in the differential equation governing the response of a gas bubble to a time varying pressure field.
THE PREDICTION OF THE PRESSURE FIELD AND BUBBLE RESPONSE
Consider the inviscid, attached flow over a thin twodimensional hydrofoil of chord length 2 in the presence of ambient microbubbles and dissolved air as shown in Fig. 1 . Assuming the bubbles remain small compared to the foil size, the chordwise pressure btribution p ( x ) can be determined by application of the thin wing theory of Glauert . . . two-dimensional hydrofoil is given by where u, Au, and Auu are the perturbation velocities due to thickness, camber, and angle of attack, respectively. These velocities have been tabulated by Abbot and von Doenhoff [7] for a variety of airfoil sections. P, and V , in (1) are the pressure and velocity far upstream of the hydrofoil and p is the density of water.
The time domain response of a spherically symmetric gas bubble to a time-varying pressure field is given by the Rayleigh-Plesset equation
where R is the time dependent radius, Y is the kinematic viscosity of water, p is the density of water, and o is the surface tension at the &/water interface. The external pressure Pext is identical to the local hydrodynamic pressure p(x) given by (1). Pext is transformed into a function of time, with a change of variable from chordwise position to time using the finite difference approximation to the fluid velocity. The internal gas pressure Pint can be determined from the ideal gas law to be where Ro is the initial bubble radius, Am is the change in bubble m a s due to diffusion, M is the gas moleculx weight, E is the ideal gas constant, and T is the ambient absolute temperature. The first term in (3) is the pressure corresponding to an isothermal change in bubble volume and the second term is the pressure associated with the change in bubble mass.
The appropriate initial conditions on (2) are and
Equation (2) under the initial conditions of (4) and (5) is the governing equation for simulating the isothermal response of a spherical gas bubble of variable mass to a time-varying external pressure field. The determination of Am is discussed in the next section on mass difhsion effects.
III. CONVECTIVE DIFFUSION THEORY
The dynamic growth of a microbubble as it passes over a hydrofoil does not, by itself, predict the existence of a bubble wake. If it is assumed that the bubble remains intact during growth and collapse, then after the bubble has passed through the hydrodynamic pressure field it simply returns to its initial equihbrium radius. However, if dissolved gases exist in the water in sufficiently high concentration, the water becomes supersaturated in the low pressure regions and a potential is created for the diffusion of dissolved gases into the flow field cavities. There exists then a mechanism for adding air to a bubble as it flows through a low-pressure supersaturated region. Conversely, the same mechanism can extract air from a bubble as it flows through a high-pressure undersaturated region. However, since the mass flow rate into or out of a bubble is proportional to the cavity surface area, the mass flow rate into an expanded bubble is much greater than the mass flow rate out of a compressed bubble.
The mathematical foundation for diffusive processes in a fluid is given by the convective diffusion equation (7) greatly. First, the dissolved gas concentration is assumed to be axisymmetric, hence all derivatives taken with respect to the azimuthal angle \k vanish. This assumption implies that the bubble is outside the viscous boundary layer, which, for the calculations presented, is an order of magnitude smaller than the maximum bubble diameter. Secondly, since the time scale associated with diffusion is on the order of lo5 s whereas the fluid flow time scale is on the order of s, the time dependence can be neglected. Thirdly, it is assumed that the diffusion boundary layer thickness is small compared to the bubble radius; consequently, the concentration gradient along the bubble surface is small compared to the gradient normal to the surface and can also be neglected. With these simplifying assumptions, the boundary value problem for the convective diffusion of dissolved gasses into a spherically symmetric bubble is given by Levich as Levich obtains a solution to the above boundary value problem by solving for the convective velocity field around a bubble in a uniform stream of velocity Vrel. The total mass flow rate of dissolved gas across the bubble surface is obtained by integrating the mass flux J over the surface of the bubble and is given by Adopting Levich's solution to (13), we arrive at an expression for the total change in mass due to diffusion of a spherical gas bubble immersed in uniform flow:
( 1 4) Equation (14) may be coupled with the Rayleigh-Plesset equation as long as the bubble growth is sufficiently slow to allow the diffusion boundary layer to assume a quasi-steady appearance at each instantaneous radius.
It should be noted that a nonzero mass flow rate requires a relative velocity of the bubble with respect to the surrounding water. Experimental eJidence [9] , [ 121 exists which suggests that cavitation bubbles do not travel at the local fluid velocity but travel at a slower speed due to the inertia of the bubble in an accelerating flow and the tendency for traveling cavitation bubbles to adhere to a flow boundary. In [12, Fig. 441 
The procedure for predicting the mass flow rate of air due to convective diffusion into or out of a cavitation bubble can be summarized as follows: first, predict chordwise pressure distribution over a two-dimensional hydrofoil with thin wing theory, equation (1); second, use the modified Rayleigh-Plesset equation (2), coupled with equation (14), to predict cavitation inception and the development of spherical flow field cavities.
lV. RESULTS OF SIMULATION
The various relationships developed in the previous two sections were organized in a computer program in order to simulate the response of ambient microbubbles to the pressure field near a two-dimensional hydrofoil and the subsequent diffusion of dissolved air into the expanding bubbles. Equation (2) was integrated using a fourth order Runge-Kutta method with a time step of 1.0 X lop6. Equation (14) was computed numerically using the trapezoidal rule for integration.
In order to present the results in the most useful manner we defme the normalized downstream radius 0 as p =
RO (1 7)
Rdownstream Rdownstream is the equilibrium radius which the bubble reaches after it has passed through the hydrodynamic pressure field and is again exposed to ambient pressure. This downstream radius will either be larger or smaller than the initial radius depending on whether the net change in mass Am due to diffusion was positive or negative as the bubble passed over the hydrofoil.
The magnification factor 0 is related to dmldt as follows.
First, the change in bubble mass is given by (14) where t is the time (or chord position) corresponding to the collapse of the bubble. Second, the ratio of down stream to upstream radii is then given by Cp min = -0.34. Fig. 2 shows the chordwise response of 25, 50-, and 100-pm bubbles as they pass over the hydrofoil surface with h = 1.0. The bubbles all grow to approximately the same maximum size before collapsing 72 percent of the chord length aft of the leading edge. For h = 1.0, the bubbles travel precisely with the water particles and no diffusion occurs; consequently, the downstream radius is equal to the upstream radius and (3 = 1 .o. Fig. 3 shows the response of the same bubbles as they pass over the hydrofoil surface with h = 0.7 and the diffusion constant D set equal to zero. By decreasing the bubble velocity, its residence time in the low-pressure region is increased; consequently, the bubbles all grow to a maximum size that is approximately 50 percent larger than in Fig. 2 . Fig. 4 demonstrates the effect of the mass diffusion term in the Rayleigh-Plesset equation on the chordwise bubble response. For the same value of h as in Fig. 3 , the maximum bubble size is increased by a factor of two for the 25-prn bubble and somewhat less for the two larger initial bubble sizes.
Figs. 4,5, and 6 show the response of the three bubble sizes for h = 0.7, 0.8, and 0.9. Also shown in the figures are the values of the normalized downstream equilibrium radius (3 for each of the three initial bubble sizes. For the case of h = 0.7 the downstream equilibrium radii are 15, 8, and 4 times their initial radii for the 25-,50-, and 1OO-pm bubbles, respectively. It should be noted that mass diffusion most strongly effects the downstream radius of the smaller bubbles. Fig. 7 shows the relationship between the normalized downstream radius (3 and the relative velocity parameter X for four different bubble sizes. For the largest relative velocity shown (A = 0.5) the downstream radii are 55, 22, 11, and 6 times their initial radii for the lo-, 25-, 50-, and 100-pm bubbles, respectively.
V. DISCUSSION
The results of the simulation indicate that, with the assumption of a relative velocity existing between the cavitation found in practice. Such an experiment could be carried out in a circulating water channel where the upstream and downstream bubble sizes could be measured and the growth of ambient microbubbles passing over the hydrofoil surface could be monitored.
